Abstract. Let G be a compact, simply connected simple Lie group. We give a construction of an equivariant gerbe with connection on G, with equivariant 3-curvature representing a generator of H 3 G (G, Z). Technical tools developed in this context include a gluing construction for gerbes and a theory of equivariant bundle gerbes.
Introduction
Let G be a compact, simply connected simple Lie group, acting on itself by conjugation. It is well-known that the cohomology of G, and also its equivariant cohomology, is trivial in degree less than three and that H 3 (G, Z) and H 3 G (G, Z) are canonically isomorphic to Z. The generator of H 3 (G, Z) is represented by a unique bi-invariant differential form η ∈ Ω 3 (G), admitting an equivariantly closed extension η G ∈ Ω 3 G (G) in the complex of equivariant differential forms. Our goal in this paper is to give an explicit, finite-dimensional description of an equivariant gerbe over G, with equivariant 3-curvature η G .
A number of constructions of gerbes over compact Lie groups may be found in the literature, using different models of gerbes and valid in various degrees of generality. The differential geometry of gerbes was initiated by Brylinski's book [6] , building on earlier work of Giraud. In this framework gerbes are viewed as sheafs of groupoids satisfying certain axioms. Brylinski gives a general construction of a gerbe with connection, for any integral closed 3-form on any 2-connected manifold M . The argument uses the path fibration P 0 M → M , and is similar to the well-known construction of a line bundle with connection out of a given integral closed 2-form on a simply connected manifold. In a later paper [7] , Brylinski gives a finite-dimensional description of the sheaf of groupoids defining gerbes for any compact Lie group G. A less abstract picture, developed by Chatterjee-Hitchin [9, 16] , describes gerbes in terms of transition line bundles similar to the presentation of line bundles in terms of transition functions. Hitchin [15] shows that the gerbe for the special unitary group SU(N ) admits a very nice description in this approach, where the line bundles are obtained from the eigenspace decomposition of matrices. Gawedski-Reis [11] extend this description to the more complicated case of finite quotients of SU(N ). The approach outlined in our paper may be viewed as an extension of Hitchin's approach from SU(N ) to other simply connected simple Lie groups. We will describe the gerbe within the more general setting of Murray's bundle gerbes [22] , although it will always remain clear how to pass to the Chatterjee-Hitchin picture (or even to the level ofČech cochains) if desired.
In a nutshell, our approach may be summarized as follows. We observe that every compact, connected, simply connected Lie group G of rank d admits an invariant open cover V 0 , . . . , V d , together with an equivariant retraction from V j onto a conjugacy class C j ⊂ G. The conjugacy classes C 0 , . . . , C d are distinguished as the conjugacy classes of elements with semi-simple centralizer. Each of these centralizers has a natural central extension, which, as we shall explain, gives rise to an equivariant gerbe on C j with a flat connection. We pull this gerbe over C j back to V j , and re-adjust the connection so that the equivariant 3-curvature becomes the restriction η G | V j . Finally we show that the resulting gerbes over V j glue together, using a gluing rule developed in this paper. In the special case of G = SU(N ), the conjugacy classes C j are just the central elements, and the gluing construction reduces to Hitchin's description in terms of transition line bundle.
The organization of the paper is as follows. In Section 2 we review the theory of gerbes and pseudo-line bundles with with connections, and discuss 'strong equivariance' under a group action. Section 3 describes gluing rules for bundle gerbes. Section 4 summarizes some facts about gerbes coming from central extensions. In Section 5 we give the construction of the basic gerbe over G outlined above, and in Section 6 we study the "pre-quantization of conjugacy classes". Appendix A is devoted to a more detailed discussion of equivariant bundle gerbes and equivariant Chatterjee-Hitchin gerbes.
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Gerbes with connections
In this section we review gerbes on manifolds, along the lines of Chatterjee-Hitchin [9, 16, 15] and Murray [22] . We will phrase everything in simplicial terms: This saves some indices and will become very useful for the extension to equivariant gerbes. We refer to Mostow-Perchik's notes of lectures by R. Bott [20] for a nice discussion of simplicial manifolds, and to Stevenson [25] for their appearence in the gerbe context.
Simplicial manifolds.
A simplicial manifold X(•) is a sequence of manifolds (X(n)) ∞ n=0 , together with face maps ∂ i : X(n) → X(n − 1) for n = 0, . . . , n satisfying relations
(The complete definition also involves degeneracy maps but these need not concern us here.) The (fat) geometric realization of X(•) is the topological space X = ∞ n=1 ∆ n × X(n)/ ∼, where ∆ n is the n-simplex and the relation is (t, ∂ i (x)) ∼ (∂ i (t), x), for ∂ i : ∆ n−1 → ∆ n the inclusion as the ith face. The bi-graded space of differential forms Ω • (X(•)) carries two commuting differentials d, δ, where d is the de Rham differential and
It is known (cf [20, Theorem 4.5] ) that the total cohomology of this double complex is the singular cohomology of the geometric realization, with coefficients in R.
We will use the δ notation in many similar situations: For instance, given a Hermitian line bundle L → X(n), we define a Hermitian line bundle δL → X(n + 1) as a tensor product,
The line bundle δ(δL) → X(n + 1) is canonically trivial, thanks to the relations between face maps. If σ is a unitary section (i.e. a trivialization) of L, one uses a similar formula to define a unitary section δσ of δL. Then δ(δσ) = 1 (the identity section of the trivial line bundle δ(δL)).
For any unitary connection ∇ of L, one defines a unitary connection δ∇ of δL in the obvious way. For the rest of this paper, we take all line bundles L to be Hermitian line bundles, and all connections ∇ on L to be unitary connections.
Simplicial gerbes.
A simplicial line bundle over X(•) is a line bundle L → X(0), together with a section t of δL → X(1) satisfying δt = 1. These data give rise to a line bundle over the geometric realization X , and in particular there is a well-defined Chern class in H 2 ( X , Z). A unitary section σ of L with δσ = t defines a trivialization of the line bundle over X . We define simplicial gerbes by shifting the degree by one:
, together with a section t of δL → X(2) satisfying δt = 1. A pseudo-line bundle for (L, t) is a pair (E, s), consisting of a line bundle E → X(0) and a section s of δE −1 ⊗ L such that δs = t.
Remark 2.2. In [7] , what we call simplicial gerbe is called a simplicial line bundle. We advocate a change of terminology since a simplicial gerbe has an associated class in H 3 ( X , Z), rather than in degree 2. The name pseudo-line bundle is adopted from [7] , where it is used in a similar context. [7, p. 615] .) Let K be a Lie group. Let EK(•) be the simplicial manifold EK(n) = K n+1 , with ith face map omitting the ith factor. View EK(n) as a principal bundle over BK(n) = EK(n)/K, where the action of k ∈ K acts on EK(n) by right multiplication by k −1 on each factor. Then π(•) : EK(•) → BK(•) is a simplicial principal K-bundle, with geometric realization the universal K-bundle [19] , [24] . Identify BK(n) = K n , in such a way that π(n) :
Example 2.3 (Central extensions). (See
. . , g n ) for 0 < i < n, while ∂ 0 omits the first component and ∂ n the last component.
A simplicial line bundle over BK(•) is the same thing as a group homomorphism K → U(1). Similarly, a simplicial gerbe (Γ, τ ) over BK(•) is the same thing as a central extension U(1) → K → K by the circle group: The group K is recovered as the unit circle bundle inside Γ, and τ gives the group multiplication, with δτ = 1 equivalent to associativity. A pseudoline bundle (E, s) for the simplicial gerbe (Γ, τ ) is the same thing as a splitting of the central extension: Obviously E = 1 since BK(0) is just a point. The section s defines a trivialization K = K × U(1), and δs = t means that this is a group homomorphism.
Example 2.4 (Chatterjee-Hitchin gerbes). Let M be a manifold with a countable open covering U = (U a ) a∈A . Following [24] define a simplicial manifold UM (•) by
where A(n) is the set of all sequences (a 0 , . . . , a n ) such that U a 0 ...an := U a 0 ∩ · · · ∩ U an is non-empty. The face maps are induced by the inclusions,
A simplicial line bundle over UM (•) amounts to simply a line bundle over M . We will define a Chatterjee-Hitchin gerbe for a given countable cover U of a manifold M to be a simplicial gerbe (L, t) for UM (•).
2.3.
Bundle gerbes. The notion of a 'bundle gerbe' was introduced by Murray in [22] . Let π : X → M be a surjective submersion. (Here X may have a number of connected components, not necessarily of the same dimension.) Define a simplicial manifold X(•) where X(n) is the n+1-fold fiber product of X with itself. The face maps ∂ j omit the jth factor the fiber product. A bundle gerbe (X, L, t) over M is a simplicial gerbe (L, t) over the simplicial manifold X(•).
Note by comparison that any function f ∈ C ∞ (X(1), U(1)) with δf = 1 defines a line bundle over M : The fiber at m ∈ M of the associated circle bundle is the set of all maps
Chatterjee-Hitchin gerbes (U, L, t) for a given cover U = {U a , a ∈ A} may be considered a special case of bundle gerbes (X, L, t) over M , with X = a U a . Conversely, suppose one is given a submersion X → M , and a countable cover U with local sections σ a : U a → X. The sections define a simplicial map UM (•) → X(•) that one can use to pull back bundle gerbes (X, L, t) to a Chatterjee-Hitchin gerbe (U, L ′ , t ′ ).
Remark 2.5. In his original paper [22] Murray considered bundle gerbes only for fiber bundles, but this was found too restrictive. In [21] , [25] the weaker condition (called "locally split") is used that every point x ∈ M admits an open neighborhood U and a map σ : U → X such that π • σ = id. However, this condition seems insufficient in the smooth category, as the fiber product X × M X need not be a manifold unless π is a submersion.
Associated to any bundle gerbe
Choose a countable open cover U of M with local sections s a : U a → X of the submersion X → M , and pull back the bundle gerbe to a Chatterjee-Hitchin gerbe (U, L ′ , t ′ ) as above. Using a sufficiently fine cover, all L ′ a become trivializable. Any choice of trivialization identifies t ′ with aČech cocycle in the sheaf U(1) of U(1)-valued functions. One checks that its cohomology class is independent of the choices made, and takes [G] its image under the isomorphism H 2 (M, U(1)) = H 3 (M, Z). The Dixmier-Douady behaves naturally under tensor product, pull-back and duals, and it is shown in [22] that [G] = 0 if and only if G admits a pseudo-line bundle. Definition 2.6. A connection on a simplicial gerbe (L, t) over X(•) is a line bundle connection ∇ L , together with a 2-form B ∈ Ω 2 (X(0)), such that (δ∇ L ) t = 0 and
Given a pseudo-line bundle L = (E, s), we say that ∇ E is a pseudo-line bundle connection if it has the property ((
Simplicial gerbes need not admit connections in general. On the other hand it is shown in [22] that every bundle gerbe G = (X, L, t) admits a connection (∇ L , B). The proof uses exactness of the sequence
One defines the 3-curvature η ∈ Ω 3 (M ) of the gerbe connection by π * η = dB ∈ ker δ. It can be shown that its cohomology class is the image of the Dixmier-Douady class [G] under the map ) . Similarly, if G admits a pseudo-line bundle L = (E, s), one can always choose a pseudo-line bundle connection ∇ E . The difference 1 2πi curv(∇ E ) − B is δ-closed and one defines the error 2-form of this connection by
It is clear from the definition that dω + η = 0.
Remark 2.7. There is a notion of holonomy around surfaces for gerbe connections (cf. Hitchin [16] and Murray [22] ), and in fact gerbe connections can be defined in terms of their holonomy (see ).
2.4. Strongly equivariant bundle gerbes. Suppose G is a Lie group acting X and on M , and that π : X → M is a G-equivariant surjective submersion. Then G acts on all fiber products X(p). We will say that a bundle gerbe G = (X, L, t) is strongly G-equivariant, if L is a G-equivariant line bundle and t is a G-invariant section. A strongly equivariant gerbe defines a gerbe over the Borel construction
. Similarly, we say that a pseudo-line bundle (E, s) for (X, L, t) is strongly equivariant, provided E carries a G-action and s is an invariant section. Remark 2.8. As pointed out in Mathai-Stevenson [18] , this notion of equivariant bundle gerbe is 'really too strong': For instance, if X = UM , a G-action on X would amount to a G-invariant cover. Brylinski [7] on the other hand gives a definition of equivariant Chatterjee-Hitchin gerbes that does not require invariance of the cover. In Appendix A below we will propose a definition of equivariant bundle gerbes, containing strongly equivariant bundle gerbes and Brylinski's definition as special cases. In particular, one may use these techniques to pull strongly equivariant bundle gerbes back to equivariant Chatterjee-Hitchin gerbes.
To define strongly equivariant connections and curvature, we will need some notions from equivariant de Rham theory [13] . Recall that for a compact group G, the equivariant coho-
The grading is the sum of the differential form degree and twice the polynomial degree, and the differential reads (
Given an invariant pseudo-line bundle connection ∇ E on on a strongly equivariant pseudo-line bundle (E, s), one defines the equivariant error 2-form ω G by
Gluing data
In this Section we describe a procedure for gluing a collection of bundle gerbes on open subsets, with pseudo-line bundles of their quotients on overlaps. See Stevenson [25] for similar gluing constructions.
Let π : X → M be a surjective submersion and let V i , i = 0, . . . , d an open cover of M . Let X i = X| V i , and more generally X I = X| V I where V I is the intersection of all V i with i ∈ I.
Suppose we are given bundle gerbes (
ji . Note that E ij E jk E ki is a pseudo-line bundle for the trivial gerbe, hence is a pull-back π * F ijk of a line bundle F ijk → M , and we will also require a unitary section u ijk of that line bundle. Under suitable conditions the data (E ij , s ij ) and u ijk can be used to 'glue' the gerbes (X i , L i , t i ). The glued gerbe will be defined over the disjoint union 
showing that t ijk is a well-defined section of (δL) ijk . One finds furthermore
ijk ) which equals 1 under the given assumptions on u and s. 
, and pseudo-line bundles (E ij , s ij ) and a section u ijk as above, the gluing construction gives a Chatterjee-Hitchin gerbe (U, L, t) over M , where the E ij enter the definition of transition line bundles between open sets in distinct U i , U j .
Remark 3.3. Suppose X = M , and that all L i , t i , s ij are trivial. Then the gerbe described in Proposition 3.1 is a Chatterjee-Hitchin gerbe for the cover V i . The E ij now play the role of transition line bundles, and u ijk play the role of t.
Suppose in addition that we are given gerbe connections (∇ L i , B i ) and pseudo-line bundle connections
, together with the two forms B i ∈ Ω 2 (X i ), define a gerbe connection if all error 2-forms ω ij vanish, and if
Proof. Let B be the 2-form on X i given by B i on X i . We first verify that
This annihilates (2) as required.
Below we will need a slightly more complicated gluing construction, as follows. Suppose π I : X I → V I are surjective submersions, and that for each I ⊃ J we are given a fiber preserving smooth map f J I :
Our gluing data will consist of the following:
given as the quotient of the pull-back of (X j , L j , t j ) by f j ij and the pull-back of (X i , L i , t i ) by f i ij . (iii) Over triple intersections, unitary sections u ijk of the line bundle F ijk → V ijk defined by tensoring the pull-backs of E ij , E jk , E ki by the maps f ij ijk etc. We require that the s ij and u ijk satisfy a cocycle condition similar to Proposition 3.1, that all error 2-forms ω ij are zero, and that the connections ∇ E ij satisfy a compatibility condition as in 3.4.
These data may be used to define a bundle gerbe over M , by reducing to the setting of Propositions 3.1, 3.4. As a first step we construct a more convenient cover. 
The proof of this technical Lemma is deferred to Appendix C. Now set
More generally, letting
we have
The natural maps X J → X I for J ⊃ I give rise to fiber preserving maps
. Using these maps, we can pull-back our gluing data:
be the pseudo-line bundle with connections defined by pulling back (E ij , s ij ). The gluing data obtained in this way satisfy the conditions from Propositions 3.1 and 3.4, and hence give rise to a bundle gerbe with connection over M .
Remark 3.6. In our applications, the line bundles E ij are in fact trivial, so one can simply take u ijk = 1 in terms of the trivialization. The s ij are U(1)-valued functions in this case, and the compatibility condition reads s ij s jk s ki = 1 over X ijk .
The gluing constructions generalize strongly equivariant bundle gerbes in a straightforward way.
Gerbes from principal bundles
The following well-known example [6] , [22] of a gerbe will be important for our construction of the basic gerbe over G. Suppose U(1) → K → K is a central extension, and (Γ, τ ) the corresponding simplicial gerbe over BK(•). Given a principal K-bundle π : P → M , one constructs a bundle gerbe (P, L, t) sometimes called the lifting bundle gerbe. Observe that the n + 1-fold fiber product P (n) is just
which we may view as a fiber bundle over BK(n). Let
A pseudo-line bundle for this bundle gerbe is equivalent to a lift of the structure group to K: Indeed if P is a principal K-bundle lifting P , consider the associated bundle E = P × U(1) C. From the action map K × P → P one obtains an isomorphism Γ k ⊗ E p ∼ = E k.p , or equivalently a section s of δE −1 ⊗ L. One checks that δs = t, so that (E, s) is a pseudo-line bundle. Conversely, the bundle P is recovered as the unit circle bundle in E, and s defines an action of K lifting the action of K. See Gomi [12] for a detailed construction of bundle gerbe connections on (P, L, t).
Remark 4.1. To obtain a Chatterjee-Hitchin gerbe from this bundle gerbe, we must choose a cover U of M such that P is trivial over each U a ∈ U. Any choice of trivialization gives a simplicial map UM (•) → P (•), and we pull back the bundle gerbe under this map. More directly, the local trivializations give rise to a 'classifying map' χ(•) : UM (•) → BK(•) (see [20] ), and the Chatterjee-Hitchin gerbe is defined as the pull-back of (Γ, τ ) under this map.
Suppose the group K is compact and connected. After pulling back to the universal cover K, every central extension U(1) → K → K becomes trivial. That is, every central extension of K is of the form K = K × ̺ U(1) where ̺ ∈ Hom(π 1 (K), U(1)). (Such a presentation defines, and is equivalent to, a flat K-invariant connection on the principal U(1)-bundle K → K.) The central extension is isomorphic to the trivial extension if and only if ̺ extends to a homomorphism ̺ : K → U(1), and the choice of any such ̺ is equivalent to a choice of trivialization. Using the natural map from (k * ) K = Hom( K, R) onto Hom( K, U(1)) this gives an exact sequence of Abelian groups
Suppose K is semi-simple (so that (k * ) K = 0), and T is a maximal torus in K. Let T ⊂ K be the maximal torus given as the pre-image of T . Let Λ K ,Λ K ⊂ t be the integral lattices of T, T . The latticeΛ K is equal to the co-root lattice of K, and
K , the quotient of the dual of the co-root lattice by the weight lattice. for this gerbe, with E a trivial line bundle. Any principal connection θ ∈ Ω 1 (P, k) defines a connection on L, with error 2-form ω = π * µ, F θ ∈ Ω 2 (M ), where F θ is the curvature.
Proof. Let ∇ Γ denote the flat connection on Γ defined by ̺. Then (∇ Γ , 0) is a connection on the simplicial gerbe (Γ, τ ). Pulling back we obtain a connection (∇ L , 0) on (L, t). If ̺ is in the image of µ ∈ (k * ) K , the corresponding trivialization of K is given by a unitary section σ of Γ, with δσ = τ and
Given a principal connection θ, let ∇ E be the connection on the trivial bundle E = 1 having connection 1-form µ, θ ∈ Ω 1 (P ). Since
Since µ is K-invariant, this shows that the right hand side of (4) vanishes. Thus ∇ E is a pseudo-line bundle connection. The error 2-form ω is given by
All of these constructions can be made G-equivariant in a rather obvious way: Thus if P is a G-invariant principal K-bundle, any ̺ ∈ Hom(π 1 (K), U(1)) defines a strongly equivariant bundle gerbe (P, L, t) (with flat connection) over M . If ̺ is in the image of µ ∈ (k * ) K , there is a strongly G-equivariant pseudo-line bundle for this gerbe. Furthermore any choice of Gequivariant principal connection on P defines a G-equivariant pseudo-line bundle connection, with equivariant error 2-form π * ω G = µ, F θ G where F θ G ∈ Ω 2 G (P, k) is the equivariant curvature.
The basic gerbe over a compact simple Lie group
In this section we explain our construction of the basic gerbe over a compact, simple, simply connected Lie group. 5.1. Notation. Let G be a compact, simple, simply connected Lie group, with Lie algebra g. Choose a maximal torus T of G, with Lie algebra t. Let Λ = ker(exp | t ) be the integral lattice and Λ * ⊂ t * its dual, the (real) weight lattice. Equivalently, Λ is characterized as the lattice generated by the corootsα for the (real) roots α. Recall that the basic inner product · on g is the unique invariant inner product such thatα ·α = 2 for all long roots α. Throughout this paper, we will use the basic inner product to identify g * ∼ = g. Choose a collection of simple roots α 1 , . . . , α d ∈ Λ * and let t + = {ξ|α j · ξ ≥ 0, j = 1, . . . , d} be the corresponding positive Weyl chamber. The fundamental alcove A is the subset cut out from t + by the additional inequality α 0 · ξ ≥ −1 where α 0 is the lowest root.
The fundamental alcove parametrizes conjugacy classes in G, in the sense that each conjugacy class contains a unique point exp ξ with ξ ∈ A. The quotient map will be denoted q : G → A. Let µ 0 , . . . , µ d be the vertices of A, with µ 0 = 0. For any I ⊆ {0, . . . , d}, all group elements exp ξ with ξ in the open face spanned by µ j with j ∈ I have the same centralizer, denoted G I . In particular, G j will denote the centralizer of exp µ j .
Let A j ⊂ A be the open star at µ j , i.e. the union of all open faces containing µ j in their closure, and V j = q −1 (A j ). More generally let A I = ∩ j∈I A j , and V I := q −1 (A I ). The set S I = G I . exp(A I ) is an open subset of G I , and is a slice for the conjugation action of G. That is, G × G I S I = V I . We let π I : V I → G/G I denote the projection to the base.
5.2.
The basic 3-form on G. Let θ L , θ R ∈ Ω 1 (G, g) be the left-and right-invariant MaurerCartan forms on G, respectively. The 3-form η ∈ Ω 3 (G) given by
is closed, and has a closed equivariant extension
Their cohomology classes represent generators of H 3 (G, Z) = Z and H 3 G (G, Z) = Z, respectively. The G-equivariant de Rham cohomology of a homogeneous space G/K is given by
, and in particular vanishes in odd degree. It follows that the pullback of η G to any conjugacy class ι C : C ֒→ G is exact, and that there is a unique invariant 2-form ω C ∈ Ω 2 (C) G for which
Explicitly, the value of ω C on generating vector fields ξ C , ξ ′ C for ξ, ξ ′ ∈ g is given by the formula [1, 14] ω
We will now show that η G is exact over each of the open subsets V j . Let C j = q −1 (µ j ) ⊂ V j be the conjugacy classes corresponding to the vertices.
Lemma 5.1. The linear retraction of A j onto the vertex µ j lifts uniquely to a smooth Gequivariant retraction from V j onto C j .
Proof. Recall that the slice S j is an open neighborhood of exp(µ j ) in G j . Any G j -equivariant retraction from S j onto exp µ j extends to a G-equivariant retraction from
is a star-shaped open neighborhood of 0 in g j , and that
The linear retraction of S ′ j onto the origin gives the desired retraction of S j . Uniqueness is clear, since the retraction has to preserve exp(A j ) ⊂ V j , by equivariance.
be the deRham homotopy operator for this retraction, given (up to a sign) by pull-back under the retraction, followed by integration over the fibers of [0, 1] × V j → V j . It has the property
where ι j : C j → V j is the inclusion and π j :
The pull-back of (̟ j ) G to a conjugacy class C ⊂ V j is given by
G is the equivariant symplectic form on the adjoint orbit O = Ψ j (C), (c) The pull-back of Ψ j to the conjugacy class C j vanishes. In fact, • h j where (exp | A j ) * is pull-back to (the interior of) A j ⊂ t and whereh j is the homotopy operator for the linear retraction of t onto {µ j }. Let ν : A j → t be the coordinate function (inclusion). Theñ
proving that (exp | A j ) * Ψ j = ν − µ j . This yields (c), by equivariance. For ν ∈ A ij we have, using (c),
By equivariance, it follows that Ψ i − Ψ j takes values in the adjoint orbit through µ j − µ i . The difference ̟ i −̟ j vanishes on T and is therefore determined by its contractions with generating vector fields. Since Ψ i − Ψ j is a moment map for ̟ i − ̟ j , it follows that ̟ i − ̟ j equals the pull-back of the symplectic form on G.(µ j − µ i ).
5.3.
The special unitary group. For the special unitary group G = SU(d + 1), the construction of the basic gerbe simplifies due to the fact that in this case all vertices µ j of the alcove are contained in the weight lattice. In fact the gerbe is presented as a Chatterjee-Hitchin gerbe for the cover V = {V i , i = 0, . . . , d}.
For each weight µ ∈ Λ * let C µ denote the 1-dimensional G µ -representation with infinitesimal character µ, and let the line bundle L µ = G × Gµ C µ equipped with the unique left-invariant connection ∇. Then L µ is a G-equivariant pre-quantum line bundle for the orbit
where ω O is the symplectic form and Φ O : O ֒→ g * is the moment map given as inclusion.
In particular, in the case of
, equipped with the pull-back connection. For any triple intersection
ik L ij is the pull-back of the line bundle over G/G ijk , defined by the zero weight
It is hence canonically trivial, with (δ∇) ijk the trivial connection. The trivializing section t ijk = 1 satisfies δt = 1 and (δ∇)t = 0. Take (
Thus G = (V, L, t) is a strongly equivariant gerbe with connection (∇, B). Since
this is the basic gerbe for SU(d + 1).
Remark 5.3. This description of the basic gerbe over the special unitary group is a re-interpretation of Hitchin's construction [16] , where the transition line bundles L ij were obtained from the eigenspace line bundles over V ij . It was independently found by Gawedzki-Reis [11] , who also discuss the much more difficult case of quotients of SU(d + 1) by subgroups of the center.
A similar construction works for the group C d = Sp(d), the only case besides A d = SU(d + 1) for which the vertices of the alcove are in the weight lattice. The following table lists, for all simply connected compact simple groups, the smallest integer k 0 > 0 such that k 0 A is a weight lattice polytope. (This information is extracted from the tables in Bourbaki [4] .) The construction for SU(d+ 1) generalizes to describe the k 0 'th power of the basic gerbe in all cases. 60 6 2 5.4. The basic gerbe for general simple, simply connected G. The extra difficulty for the groups with k 0 > 1 comes from the fact that the pull-back maps
may be a non-zero torsion class, in general. In this case the restriction of the basic gerbe to V j will be non-trivial. Our strategy for the general case is to first construct equivariant bundle gerbes over V j , and then glue the local data as explained in Section 3.
The centralizers G g of elements g ∈ G are always connected [10, Corollary (3.15)] but need not be simply-connected. The conjugacy classes C j = q −1 (µ j ) corresponding to the vertices of the alcove are exactly the conjugacy classes of elements for which the centralizer is semi-simple.
Proposition 5.4. Any vertex µ j of the alcove A is in the dual of the co-root lattice for the corresponding centralizer G j . It hence defines a homomorphism ̺ j ∈ Hom(π 1 (G j ), U(1)), or equivalently a central extension of G j .
Proof. Let G j be the universal cover of G j . A system of simple roots for G j is given by the list of all α i (i = 0, . . . , d) with j = i. The lattice Λ j is spanned by the corresponding corootš α i . To show that µ j is in the dual of the co-root lattice, we have to verify that µ j ,α i ∈ Z for i = j. For i = 0, j this is obvious since µ j (α i ) = 0. For i = 0, we have ||α 0 || 2 = 2, and thereforeα 0 = α 0 and µ j (α 0 ) = α 0 (µ j ) = −1.
Lemma 5.5. The difference µ j − µ i ∈ g ij is fixed under G ij , and ̺ ij ∈ Hom(π 1 (G ij ), U(1)) is its image under the exact sequence (3) for K = G ij .
Proof. By definition, G ij is the centralizer of elements of the form g(t) = exp(tµ j + (1 − t)µ i ) for 0 < t < 1. Hence it also stabilizes the Lie algebra element g(t) −1 d dt g(t) = µ j − µ i . The second claim is immediate from the definition.
We are now in position to explain our construction of the basic gerbe in the general case. For all I ⊂ {0, . . . , d} let X I → V I be the G-equivariant principal G I -bundle,
X I is the pull-back of the G I -bundle G → G/G I , and in particular carries a G-invariant connection θ I obtained by pull-back of the unique G-invariant connection on that bundle. For I ⊃ J there are natural G-equivariant inclusions f J I : X I → X J , and these are compatible as in 3. The homomorphisms ̺ j : π 1 (G j ) → U(1) define flat, strongly G-equivariant bundle gerbes
The quotient of the two gerbes on V ij , obtained by pulling back G i , G j to X ij , is just the gerbe defined by the homomorphism ̺ ij : π 1 (G ij ) → U(1). By Lemma 5.5 and Proposition 4.2(b), it follows that this quotient gerbe has a distinguished, strongly equivariant pseudo-line bundle (E ij , s ij ) (where E ij is trivial), with connection ∇ E ij induced from the connection θ ij . From the definition of θ ij , it follows that the equivariant error 2-form for this connection is the pull-back of the equivariant symplectic form on the coadjoint orbit through µ j − µ i .
We now modify the bundle gerbe connection by adding the equivariant 2-form (̟ j ) G ∈ Ω 2 G (V j ) to the gerbe connection. Proposition 5.2(d) shows that the equivariant error 2-form of ∇ E ij with respect to the new gerbe connection vanishes. The other conditions from the gluing construction in 3 are trivially satisfied. Since the equivariant 3-curvature for the new gerbe connection on
we have constructed an equivariant bundle gerbe with connection, with equivariant curvature-form η G .
Remark 5.6. For G = SU(d + 1) this construction reduces to the the construction in terms of transition line bundles: All L i , t i , E ij , u ijk are trivial in this case, hence the entire information on the gerbe resides in the functions s ij : X ij (1) → U(1) defined by the differences µ j − µ i . The condition δs ij = 1 for these functions means that s ij defines a line bundle L ij over V ij , as remarked at the beginning of Section 2.3. The condition s ij s jk s ki = 1 over X ijk is the compatibility condition over triple intersections.
Pre-quantization of conjugacy classes
It is a well-known fact from symplectic geometry that a coadjoint orbit O = G.µ through µ ∈ t * + has integral symplectic form, i.e. admits a pre-quantum line bundle, if and only if µ is in the weight lattice Λ * . The analogous question for conjugacy classes reads: For which µ ∈ A and m ∈ N does the pull-back of the mth power of the basic gerbe G m to a conjugacy class C admit a pseudo-line bundle, with mω C as its error 2-form? For any positive integer m > 0 let
be the set of level m weights. As is well-known [23] , the set Λ * m parametrizes the positive energy representations of the loop group LG at level m.
Theorem 6.1. The restriction of G m to a conjugacy class C admits a pseudo-line bundle L with connection, with error 2-form mω C , if and only if C = G. exp(µ/m) with µ ∈ Λ * m . Moreover L has an equivariant extension in this case, with mω C as its equivariant error 2-form .
Proof. Given a conjugacy class C ⊂ G, let µ ∈ mA be the unique point with g := exp(µ/m) ∈ C, and let K = G g so that C = G/K. Pick an index j with C ⊂ V j , and let
Let O µ , O ν ⊂ g denote the adjoint orbits of µ, ν, and (ω µ ) G , (ω ν ) G their equivariant symplectic forms. The pull-back ι * C G m is the gerbe over G/K defined by the homomorphism ̺ ∈ Hom(π 1 (K), U(1)), given as a composition
where the fist map is push-forward under the inclusion K ֒→ G j , and the second map is the homomorphism defined by the element mµ j ∈ t for G j .
Suppose now that µ ∈ Λ * m . Then mµ j equals −ν up to a weight lattice vector, which means that ̺ is the image of −ν ∈ (k * ) K in the exact sequence (3). Hence we obtain an equivariant pseudo-line bundle for ι * C G m , with equivariant error 2-form
Conversely, suppose that G m | C admits a pseudo-line bundle with error 2-form m ω C . Consider the pull-back of G under the exponential map exp : g → G. The pull-back exp * η ∈ Ω 3 (g) is exact, and the homotopy operator for the linear retraction of g to the origin defines a 2-form ̟ ∈ Ω 2 (g) with d̟ = exp * η. As in Proposition 5. 
given by a version of the Bott-Shulman map. An interesting feature of (7) is that the image of a form in (
Here we have chosen a basis e a of g, ι a is contraction with (e a ) M , and β a , (θ a ) L are the components of β, θ L . Note that if η G = η + β is equivariantly closed, then ι a β b = 0 and second formula becomes simply β → θ L , β .
A.2. Equivariant bundle gerbes. Let X(•) be a simplicial manifold and π(•) :
is a surjective submersion. Let X(p, q) be the q + 1-fold fiber product of X(p) with itself. Thus X(•, •) is an example of a bisimplicial manifold with two commuting face maps ∂ ′ i , ∂ ′′ i , lowering the index p, q respectively. Accordingly, for each given k the space Ω k X(•, •) of differential forms becomes a double complex, with two commuting differentials δ ′ , δ ′′ of bidegree (1, 0) and (0, 1), respectively. Introduce the total complex corresponding to this double complex: Let X tot (n) be the disjoint union of all X(p, q) with p + q = n, and let D : Ω k X tot (n) → Ω k X tot (n + 1) be equal to δ ′ + (−1) p δ ′′ on Ω k UX(p, q). Then D 2 = 0. Similarly, given a line bundle L → X tot (n), i.e. a collection of line bundles L(p, q) → X(p, q) for p + q = n, we define a line bundle DL → X tot (n + 1) where
Then D(DL) is the trivial line bundle. Again, we will use the D notation for sections, connections, etc.
given by a surjective submersion in each degree, a line bundle L → X tot (1), and a section t of DL → X tot (2) having the property,
An equivariant pseudo-line bundle (E, s) for G = (L, t) is a line bundle E → X(0, 0) = X(0), together with a section s of DE −1 ⊗ L, with the property Ds = t.
There is a general construction of X(p) → M G (p), given a submersion π : X → M onto a G-manifold M . In each degree p there are p + 1 submersions 
, omit the ith factor and are given by the maps just described on factors j = i. In the case X = U a for an open cover U = {U a } of M , the space
This is the cover of M G (•) considered by Brylinski in [6] . Strongly equivariant gerbes, as defined in Section 2.4, fit into this framework as follows: Suppose (X, L, t) is a strongly G-equivariant bundle gerbe. Let
and define
. We take t(1, 1) as the trivializing section and t(0, 2) = t, t(2, 0) = 1. Then (L, t) is an equivariant bundle gerbe. Conversely, every equivariant bundle gerbe for X G (•) with L(1, 0) = 1, t(2, 0) = 1 is obtained in this way.
A.3. Connections and curvature for equivariant bundle gerbes. Composition of the surjective submersions π(p) : X(p) → M G (p) with the bundle projections M G (p) → BG(p) gives a simplicial map X(•) → BG(•). We will say that a differential form on X(p) vanishes in the direction of M is its pull-back to the fibers of X(p) → BG(p) vanishes. More generally, we will use this terminology for forms on the q + 1-fold fiber product X(p, q).
An equivariant bundle gerbe connection is a line bundle connection connection ∇ L together with a 2-form B ∈ Ω 2 (X(0, 0)), such that (D∇ L )t = 0 and such that
vanishes in the direction of M . Given an equivariant pseudo-line bundle L = (E, s), we say that ∇ E is an equivariant connection on L if the form A ∈ Ω 1 (X tot (1)) defined by
Proposition A.3. Every G-equivariant bundle gerbe G = (X(•), L, t) over a G-manifold M admits an equivariant connection. Given an equivariant bundle gerbe connection, every equivariant pseudo-line bundle L = (E, s) admits an equivariant connection.
Proof. We will make repeated use of the exactness of the complex
Begin by choosing any connection ∇ L , and define a 1-form C ∈ Ω 1 (X tot (2)) by 1 2πi (D∇ L )t = Ct. Then DC = 0. In particular, the (0, 2) component of C is δ ′′ -closed, hence is a δ ′′ -coboundary of some 1-form on X(0, 1). Subtracting that 1-form off the connection, we achieve that C(0, 2) = 0. By a similar argument, one can arrange that C(1, 1) = 0 and therefore
is non-vanishing only in degree (1, 0) . It is δ ′′ -closed and hence can be written as a pull-back π(1) * ν with ν ∈ Ω 1 (X(1)). Thus
Finally, letη ∈ Ω 3 (M ) be the 3-form defined by π(0) * η = dB. From the definitions, it follows that δγ = 0, dγ = −δν, dν = δη, dη = 0. This means thatη + ν + γ is a degree 3 cocycle for the total differential D = d ± δ of the double complex Ω • (M G (•)). By the equivalence with Cartan's model of equivariant cohomology, it is cohomologous to a 3-cocycle of the form η + θ L , β where η ∈ Ω 3 (M ) G and β ∈ Ω 1 (M, g * ) G . The difference is a D-coboundary of some chain φ + ψ where φ ∈ Ω 1 (M G (1)) and ψ ∈ Ω 2 (M G (0)). Subtracting φ off the connection ∇ L and subtracting ψ off B, we achieve that C = 0 and that
which clearly vanishes along M . The argument for pseudo-line bundles is similar.
Proposition A.4. Let (∇ L , B) be an equivariant connection on the equivariant gerbe G = (X(•), L, t). Then the difference DB − 1 2πi curv(∇ L ) has the form (11) for a unique 1-form β ∈ Ω 1 (M, g * ) G . Letting η ∈ Ω 3 (M ) G be the curvature 3-form of the (non-equivariant) gerbe connection (∇ L(0,1) , B) on (L(0, 1), t(0, 2)), the sum η G = η + β is equivariantly closed. Similarly, given an equivariant pseudo-line bundle (E, s) with connection ∇ E , there is a function Ψ ∈ Ω 0 (M, g * ) G with 1 2πi
The sum ω G = ω + Ψ, where ω is the error 2-form, has the property d G ω G + η G = 0.
Proof. Write DB − 1 2πi curv(∇ L ) = π(1) * ν where ν ∈ Ω 2 (M G (1)) is δ-closed and vanishes in the direction of M . For any form α ∈ Ω p (M G (1)) = Ω p (G × M ), the condition δα = 0 implies that α is invariant under the action (g, x) → (ag, x) of a ∈ G and also under the action (g, x) → (gb −1 , bx) of b ∈ G. Furthermore, the pull-back of α x of α to any slice G × {x} must have the property, pr * 1 α + pr * 2 α − Mult * α, where pr i : G 2 → G are the two projections and Mult : G 2 → G is multiplication. Taking α = ν, since ν vanishes in the direction of M , the properties show that ν = θ L , β for some β ∈ Ω 1 (M, g * ) G . Similarly, we see that the curvature 3-form η ∈ Ω 3 (M ) is G-invariant because δη vanishes in the direction of M . Then η G = η + β ∈ Ω 3 G (M ) corresponds to η + ν ∈ Ω 3 (M ) ⊕ Ω 1 (G × M ) under the isomorphism between the Cartan and simplicial models of H G (M, R). Since η + ν is D = d ± δ-closed, it follows that d G η G = 0. Suppose now that (E, s) is an equivariant pseudo-line bundle with connection ∇ E . Since A (defined by (9) ) vanishes in the direction of M , its only non-vanishing component is A (1, 0) . From DA = 0 we see as in the last paragraph that A = −π(1) * θ L , Ψ for some Ψ ∈ Ω 0 (M, g * ) G . From the definitions it follows that η + θ L , β is the D-coboundary of −(ω + θ L , Ψ ), which is equivalent to d G ω G + η G = 0.
We call η G the equivariant 3-curvature, and ω G the equivariant error 2-form. Similar to the non-equivariant case, one sees that the cohomology class [η G ] ∈ H 3 G (M, R) is independent of the connection.
A.4. The equivariant Dixmier-Douady class. Suppose (X(•), L, t) is an equivariant bundle gerbe over a G-manifold M . We would like to define an equivariant Dixmier-Douady class of this gerbe. We first construct countable covers of M G (n), as follows.
Lemma A.5. There exist countable covers U(n) = {U (n) a | a ∈ A(n)} of M G (n), indexed by a semi-simplicial set A(n), such that The pull-back of L under this map is trivializable, and after choosing trivializations the pull-back of t becomes a 3-cocycle in the total complexČ p (M G (q)). Using the isomorphism between singular andČech cohomology, the spectral sequence for this double complex is the same as for singular cohomology S p (M G (q)), with
We have thus constructed a class in H 3 (M G , Z) = H 3 G (M, Z) which we call the equivariant Dixmier-Douady class of the equivariant bundle gerbe (X(•), L, t).
